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Abstract
In this paper we introduce the notions of contact angle and of holomorphic angle for immersed surfaces in odd dimensional
spheres. We deduce formulas for the Laplacian and for the Gaussian curvature, and we classify minimal surfaces in S5 with the
two angles constant. This classification gives a 2-parameter family of minimal tori of S5. Also, we give an alternative proof of the
classification of minimal Legendrian surfaces of S5 with constant Gaussian curvature.
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1. Introduction
The notion of Kähler angle was introduced by Chern and Wolfson in [3] and [9]; it is a fundamental invariant for
minimal surfaces in complex manifolds. Using the technique of moving frames, Wolfson obtained equations for the
Laplacian and Gaussian curvature for an immersed minimal surface in CPn. Later, Kenmotsu in [5], Ohnita in [7] and
Ogata in [8] classified minimal surfaces with constant Gaussian curvature and constant Kähler angle.
A few years ago, Li in [11] gave a counterexample to the conjecture of Bolton, Jensen and Rigoli (see [2]), accord-
ing to which a minimal immersion (non-holomorphic, non-anti-holomorphic, non-totally real) of a two-sphere in CPn
with constant Kähler angle would have constant Gaussian curvature.
In [6] we introduced the notion of contact angle, that can be considered as a new geometric invariant useful to
investigate the geometry of immersed surfaces in S3. Geometrically, the contact angle (β) is the complementary
angle between the contact distribution and the tangent space of the surface. Also in [6], we deduced formulas for the
Gaussian curvature and the Laplacian of an immersed minimal surface in S3, and we gave a characterization of the
Clifford Torus as the only minimal surface in S3 with constant contact angle.
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angle α is the analogue of the Kähler angle introduced by Chern and Wolfson in [3].
We obtain the following formula for the Gaussian curvature of an immersed minimal surface in S5:
K = −(1 + tan2 β)|∇β|2 − tanββ − 2 cosα(1 + 2 tan2 β)β1 + 2 tanβ sinαα1 − 4 tan2 β cos2 α.
Also, we obtain the following equation for the Laplacian:
tanββ = (1 + csc2 β)(a2 + b2) + 2b cscβ(α1 − sinα cotβ) − 2a cscβα2
− tan2 β(|∇β + 2 cosαe1|2 − ∣∣cotβ∇α + sinα(1 − cot2 β)e1∣∣2)+ sin2 α(1 − tan2 β).
Using the equations of Gauss, Codazzi and Ricci, we construct a family of minimal tori in S5 with constant contact
and holomorphic angle.
Theorem 1. Compact, orientable, minimal surfaces in S5 with constant contact angle (β) and constant holomorphic
angle (α) are flat tori. These tori are parametrized by the following circle equation
(1)a2 +
(
b − cosβ
1 + sin2 β
)2
= 2 sin
4 β
(1 + sin2 β)2 ,
where a and b are given in Section 4 (Eq. (25)).
Remark 1. In particular, when a = 0 in (1), we recover the examples found by Kenmotsu, in [4]. These examples are
defined for 0 < β < π2 . Also, when b = 0 in (1), we find a new family of minimal tori in S5, and these tori are defined
for π4 < β <
π
2 .
When the holomorphic angle is zero, we have an interesting characterization of the Clifford torus without the
hypothesis that the contact angle is constant.
Proposition 1. The Clifford torus is the only non-Legendrian minimal surface in S5 with contact angle 0  β < π2
and null holomorphic angle.
Blair in [1], and Yamaguchi, Kon and Miyahara in [10] classified Legendrian minimal surfaces in S5 with constant
Gaussian curvature. As a particular case of Theorem 1, that is when β = π2 , we give an alternative proof of this
classification using moving frames and contact structure equations.
Corollary 1. The Clifford torus and the totally geodesic spheres are the only Legendrian minimal surfaces immersed
in S5 with constant Gaussian curvature.
2. Contact angle for immersed surfaces in S2n+1
Consider in Cn+1 the following objects:
• the Hermitian product: (z,w) =∑nj=0 zj w¯j ;
• the inner product: 〈z,w〉 = Re(z,w);
• the unit sphere: S2n+1 = {z ∈ Cn+1|(z, z) = 1};
• the Reeb vector field in S2n+1, given by: ξ(z) = iz;
• the contact distribution in S2n+1, which is orthogonal to ξ :
z =
{
v ∈ TzS2n+1 | 〈ξ, v〉 = 0
}
.
We observe that  is invariant by the complex structure of Cn+1.
Let now S be an immersed orientable surface in S2n+1.
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space T S of the surface.
Let (e1, e2) be a local frame of T S, where e1 ∈ T S ∩ . Then cosβ = 〈ξ, e2〉. Finally, let v be the unit vector in
the direction of the orthogonal projection of e2 on , defined by the following relation
(2)e2 = sinβv + cosβξ.
3. Equations for curvature and Laplacian of a minimal surface in S5
In this section, we deduce the equations for the Gaussian curvature and for the Laplacian of a minimal surface in S5
in terms of the contact angle and the holomorphic angle. Consider the normal vector fields
e3 = i cscαe1 − cotαv,
e4 = cotαe1 + i cscαv,
(3)e5 = cscβξ − cotβe2,
where β = 0,π and α = 0,π . We will call (ej )1 j5 an adapted frame.
Using (2) and (3), we get
v = sinβe2 − cosβe5, iv = sinαe4 − cosαe1,
(4)ξ = cosβe2 + sinβe5.
It follows from (3) and (4) that
ie1 = cosα sinβe2 + sinαe3 − cosα cosβe5,
(5)ie2 = − cosβz − cosα sinβe1 + sinα sinβe4.
Consider now the dual basis (θj ) of (ej ). The connection forms (θjk ) are given by
Dej = θkj ek,
and the second fundamental form with respect to this frame are given by
IIj = θj1 θ1 + θj2 θ2; j = 3, . . . ,5.
Using (5) and differentiating v and ξ on the surface S, we get
Dξ = − cosα sinβθ2e1 + cosα sinβθ1e2 + sinαθ1e3 + sinα sinβθ2e4 − cosα cosβθ1e5,
Dv = (sinβθ12 − cosβθ15 )e1 + cosβ(dβ − θ25 )e2 + (sinβθ32 − cosβθ35 )e3
(6)+ (sinβθ24 − cosβθ45 )e4 + sinβ(dβ + θ52 )e5.
Differentiating e3, e4 and e5, we have
θ13 = −θ31 ,
θ23 = sinβ(dα + θ14 ) − cosβ sinαθ1,
θ43 = cscβθ21 − cotα(θ31 + cscβθ42 ),
θ53 = cotβθ32 − cscβ sinαθ1,
θ14 = −dα − cscβθ32 + sinα cotβθ1,
θ24 = −θ42 ,
θ34 = cscβθ12 + cotα(θ31 + cscβθ42 ),
θ54 = cotβθ42 − sinαθ2,
θ1 = − cosαθ2 − cotβθ1,5 2
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θ35 = − cotβθ32 + cscβ sinαθ1,
(7)θ45 = − cotβθ42 + sinαθ2.
The conditions of minimality and of symmetry are equivalent to the following equations:
(8)θλ1 ∧ θ1 + θλ2 ∧ θ2 = 0 = θλ1 ∧ θ2 − θλ2 ∧ θ1.
On the surface S, we consider
θ31 = aθ1 + bθ2.
It follows from (8) that
θ31 = aθ1 + bθ2,
θ32 = bθ1 − aθ2,
θ41 = dα + (b cscβ − sinα cotβ)θ1 − a cscβθ2,
θ42 = dα ◦ J − a cscβθ1 − (b cscβ − sinα cotβ)θ2,
θ51 = dβ ◦ J − cosαθ2,
(9)θ52 = −dβ − cosαθ1,
where J is the complex structure of S is given by Je1 = e2 and Je2 = −e1. Moreover, the normal connection forms
are given by:
θ43 = − secβ dβ ◦ J − cotα cscβ dα ◦ J + a cotα cot2 βθ1
+ (b cotα cot2 β − cosα cotβ cscβ + 2 secβ cosα)θ2,
θ53 = (b cotβ − cscβ sinα)θ1 − a cotβθ2,
(10)θ54 = cotβ(dα ◦ J ) − a cotβ cscβθ1 +
(−b cscβ cotβ + sinα(cot2 β − 1))θ2,
while the Gauss equation is equivalent to the equation:
(11)dθ12 + θ1k ∧ θk2 = θ1 ∧ θ2.
Therefore, using Eqs. (9) and (11), we have
K = 1 − |∇β|2 − 2 cosαβ1 − cos2 α − (1 + csc2 β)(a2 + b2)
+ 2b sinα cscβ cotβ + 2 sinα cotβα1 − |∇α|2
+ 2a cscβα2 − 2b cscβα1 − sin2 α cot2 β
= 1 − (1 + csc2 β)(a2 + b2) − 2b cscβ(α1 − sinα cotβ) + 2a cscβα2
(12)− |∇β + cosαe1|2 − |∇α − sinα cotβe1|2.
Using (7) and the complex structure of S, we get
(13)θ12 = tanβ(dβ ◦ J − 2 cosαθ2).
Differentiating (13), we conclude that
dθ12 =
(−(1 + tan2 β)|∇β|2 − tanββ − 2 cosα(1 + 2 tan2 β)β1
+ 2 tanβ sinαα1 − 4 tan2 β cos2 α
)
θ1 ∧ θ2,
where  = tr∇2 is the Laplacian of S. The Gaussian curvature is therefore given by:
K = −(1 + tan2 β)|∇β|2 − tanββ − 2 cosα(1 + 2 tan2 β)β1
(14)+ 2 tanβ sinαα1 − 4 tan2 β cos2 α.
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tanββ = (1 + csc2 β)(a2 + b2) + 2b cscβ(α1 − sinα cotβ) − 2a cscβα2
− tan2 β(|∇β + 2 cosαe1|2 − ∣∣cotβ∇α + sinα(1 − cot2 β)e1∣∣2)
(15)+ sin2 α(1 − tan2 β).
3.1. Proof of Proposition 1
When α = 0, we have v = ie1, hence the adapted frame is
e2 = sinβ(ie1) + cosβξ,
e3 ∈ ,
e4 = ie3,
(16)e5 = cscβξ − cotβe2.
Differentiating e2, we get
(17)De2 = θ12 e1 + θ32 e3 + θ42 e4 + θ52 e5;
on the other hand, we have
(18)De2 = tanβ(θ51 − θ2)e1 − sinβθ41 e3 + sinβθ31 e4 − (dβ + θ1)e5.
It follows from (17) and (18) that
θ12 = tanβ(θ51 − θ2), θ32 = − sinβθ41 , θ42 = sinβθ31 , θ52 = −dβθ1.
Finally, from (8) we get:
(1 − sin2 β)θ31 = 0.
The surface S is non-Legendrian so we have θ31 = 0. Then Eq. (15) becomes
(19)β = − tan(β)|∇β + 2e1|2.
Assume that 0  β < π2 ; then, by Hopf’s Lemma, we have that β is constant and using Eq. (14), we have K = 0.
Therefore S is the Clifford torus, and this proves Proposition 1.
4. Proof of Theorem 1
In this section we will give a complete characterization of minimal surfaces in S5 with constant contact and holo-
morphic angle.
4.1. The case β = 0
The holomorphic angle α is not defined when β = 0, then the adapted frame to the surface S is given by
e2 = ξ,
e3 = ie1,
e4 ∈ ,
e4 ⊥ (e1, ie1),
(20)e5 = ie4.
Differentiating e2, we get
(21)De2 = θ1e1 + θ3e3 + θ4e4 + θ5e5.2 2 2 2
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Dξ = θ1(ie1) + θ2(ie2) + θ3(ie3) + θ4(ie4) + θ5(ie5)
(22)= −θ3e1 + θ1e3 − θ5e4 + θ4e5.
The dual forms θ3, θ4 and θ5 on the surface S vanish, and using (8), (21) and (22), we have that also the connection
forms θ12 , θ
4
1 , θ
4
2 , θ
5
1 , θ
5
2 vanish. Hence, we get
(23)θ31 = θ2, θ32 = θ1.
Differentiating the equation e3 = ie1 we get (23), and θ43 and θ53 vanish. It follows from (23) that
De1 = θ2e3.
Thus, De1e1 = 0 and so e1 is a geodesic field. Since e1 is in , the surface S is a torus, and it is parametrized by a
product of two circles, one circle at the distribution and the other circle at the Hopf fibration.
4.1.1. Example: contact angle of standard Clifford torus
Consider the torus in S5 defined by
T 2 =
{
(z1, z2,0) ∈ C3 | z1z¯1 = 12 , z2z¯2 =
1
2
}
and the immersion
f (u1, u2) =
√
2
2
(eiu1, eiu2,0).
The contact vector field is
ξ = i√
2
(eiu1, eiu2,0);
the following vector fields are tangent to the surface:
e1 = i√
2
(eiu1 ,−eiu2,0), e2 = i√
2
(eiu1, eiu2,0).
Therefore
cosβ = 〈e2, ξ 〉 = 1,
hence
β = 0.
The following vector fields are orthogonal to the surface:
e3 = 1√
2
(−eiu1, eiu2,0), e4 = (0,0,1), e5 = i(0,0,1).
4.2. The case 0 < β < π2
Assume that α and β are constant; then Eq. (14) takes the following simple form:
(24)K = −4 tan2 β cos2 α.
Since the line field determined by e1 is globally defined, we have that S is parallelizable, and, using Eq. (24), the
Gaussian curvature of S is constant. Using the Gauss–Bonnet theorem, we then obtain that the Gaussian curvature
of S vanishes identically. Since β = 0, using (24), we get α = π2 .
The second fundamental forms given by (9) become
θ3 = aθ1 + bθ2,1
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θ41 = (b cscβ − cotβ)θ1 − a cscβθ2,
θ42 = −a cscβθ1 − (b cscβ − cotβ)θ2,
(25)θ51 = 0 = θ52 .
The normal connection forms are
θ43 = 0,
θ53 = (b cotβ − cscβ)θ1 − a cotβθ2,
θ54 = −a cotβ cscβθ1 +
(−b cscβ cotβ + (cot2 β − 1))θ2;
the Codazzi equations
dθ31 + θ32 ∧ θ21 + θ34 ∧ θ41 + θ35 ∧ θ51 = 0 = dθ32 + θ31 ∧ θ12 + θ34 ∧ θ42 + θ35 ∧ θ52 ,
dθ41 + θ42 ∧ θ21 + θ43 ∧ θ31 + θ45 ∧ θ51 = 0 = dθ42 + θ41 ∧ θ12 + θ43 ∧ θ32 + θ45 ∧ θ52 ,
dθ53 + θ51 ∧ θ13 + θ52 ∧ θ23 + θ54 ∧ θ43 = 0 = dθ54 + θ51 ∧ θ14 + θ52 ∧ θ24 + θ53 ∧ θ34
take the following simple form:
(a1 − b2) = 0 = (a2 + b1),
dθ34 + θ31 ∧ θ14 + θ32 ∧ θ24 + θ35 ∧ θ54 = 0 = dθ51 + θ52 ∧ θ21 + θ53 ∧ θ31 + θ54 ∧ θ41 ,
0 = dθ52 + θ51 ∧ θ12 + θ53 ∧ θ32 + θ54 ∧ θ42 .
From the equations above we get:
(26)(1 + csc2 β)(a2 + b2) − 2b cscβ cotβ + (cot2 β − 1) = 0
which is equivalent to the equation of a circle:
(27)a2 +
(
b − cosβ
1 + sin2 β
)2
= 2 sin
4 β
(1 + sin2 β)2 .
Let (x, y) be conformal coordinates on S; Eq. (26) is represented as the Cauchy–Riemann equations
(ax − by) = 0 = (ay + bx).
Since a and b are defined on the whole circle, we conclude that a and b are constants, which proves Theorem 1.
5. Legendrian surfaces
5.1. The case β = π2
Let us now consider the case β = π2 , (e1, e2) ∈  and S is a Legendrian surface in S5. In this situation, the adapted
frame to the surface S is given by
e2 = v,
e3 = i cscαe1 − cotαe2,
e4 = cotαe1 + i cscαe2,
(28)e5 = ξ.
Differentiating e5, we get
(29)De5 = θ15 e1 + θ25 e2 + θ35 e3 + θ45 e4.
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Dξ = θ1(ie1) + θ2(ie2) + θ3(ie3) + θ4(ie4) + θ5(ie5)
(30)= − cosαθ2e1 + cosαθ1e2 + sinαθ1e3 + sinαθ2e4.
Then, it follows from (29) and (30) that
(31)θ15 = − cosαθ2, θ25 = cosαθ1, θ35 = sinαθ1, θ45 = sinαθ2.
Using (9) with β = π2 and comparing with (31), we get α = π2 .
The adapted frame given by (28) simplifies to
e2 = v,
e3 = ie1,
e4 = ie2,
(32)e5 = ξ.
Differentiating the equation e3 = ie1, we get
(33)θ13 = −θ31 , θ23 = −θ41 , θ43 = θ21 , θ53 = −θ1.
Similarly, differentiating the equation e4 = ie2, we obtain
(34)θ14 = −θ32 , θ24 = −θ42 , θ34 = θ12 , θ54 = −θ2.
When β = π2 , the second fundamental forms are diagonalizable as:
(35)θ31 = λθ1, θ32 = −λθ2.
The Codazzi equations are
dθ31 + θ32 ∧ θ21 + θ34 ∧ θ41 + θ35 ∧ θ51 = 0 = dθ41 + θ42 ∧ θ21 + θ43 ∧ θ31 + θ45 ∧ θ51 .
It follows from equation above, (33), (34) and (35) that
dλ ∧ θ1 = −3λθ21 ∧ θ2,
(36)dλ ∧ θ2 = 3λθ21 ∧ θ1.
Assume that the Gaussian curvature is constant; then λ is constant and using Eqs. (36), we get λ = 0 or θ21 = 0. This
gives a new proof of a theorem by Blair, in [1], and Miyara, Kon, Yamaguchi, in [10]. We have also proved Corollary 1.
Using (36), the connection form θ21 is given by
(37)θ21 =
λ2θ1 − λ1θ2
3λ
.
Differentiating (37), we have a general expression for the Gaussian curvature of a Legendrian minimal surfaces in S5
K = λλ + |∇λ|
2
3λ2
.
5.2. Example: contact angle of a Legendrian minimal torus
Consider the torus in S5 defined by
T 3 =
{
(z1, z2, z3) ∈ C3 | z1z¯1 = 13 , z2z¯2 =
1
3
, z3z¯3 = 13
}
.
We consider the immersion
f (u1, u2) = 1√ (eiu1, eiu2, e−i(u1+u2));
3
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(38)ξ = i 1√
3
(eiu1, eiu2, e−i(u1+u2)).
The following vector fields are tangent to the surface:
e1 = i 1√
2
(eiu1,0,−e−i(u1+u2)), e2 = i
√
2
3
(
−1
2
eiu1, eiu2,−1
2
e−i(u1+u2)
)
;
the contact angle is
cosβ = 〈e2, ξ 〉 = 0.
Therefore,
β = π
2
.
The orthogonal projection of e2 on  is given by
v = e2 − cosβξ
sinβ
,
hence
v = i
√
2
3
(
−1
2
eiu1, eiu2,−1
2
e−i(u1+u2)
)
.
The holomorphic angle α is
cosα = 〈ie1, v〉 = 0,
therefore
α = π
2
.
The following vector fields are orthogonal to the surface:
e3 = 1√
2
(−eiu1,0, e−i(u1+u2)), e4 =
√
2
3
(
1
2
eiu1,−eiu2, 1
2
e−i(u1+u2)
)
,
e5 = i√
3
(−eiu1,−eiu2,−e−i(u1+u2)).
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